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Abstract 
Holroyd, F.C., Reconstructing finite group actions and characters from subgroup information, 
Discrete Mathematics 110 (1992) 283-287. 
A finite group G is said to be action reconstructible if, for any action of G on a finite set, the 
numbers of orbits under restriction to each subgroup always give enough information to 
reconstruct the action up to equivalence. G is character reconstructible if, given any matrix 
representation of G, the mean value of the character on each subgroup always gives enough 
information to reconstruct the character. The conjugacy matrix of G is the matrix whose (ij) 
entry is the number of elements of the jth conjugacy class belonging to a typical subgroup of 
the ith subgroup conjugacy class. It is shown that G is action reconstructible if and only if the 
rows of this matrix are linearly independent (which is in turn true if and only if G is cyclic), and 
is character reconstructible if and only if the columns are linearly independent (which is true if 
and only if any two elements of G which generate conjugate cyclic subgroups are themselves 
conjugate). 
1. Introduction 
For the definition of a group action, and related concepts such as orbit and 
stabilizer, see [l, p. 31. 
Let G be a finite group. Then G is action reconstructible if the following 
statement is true. Given the information that cy is an action of G on a finite set, 
and given the number of orbits into which the set is partitioned when (Y is 
restricted to each subgroup of G, it is always possible to reconstruct cx up to 
equivalence. (Two actions of G, a: on S and p on T, are equivalent if p = 6a8-’ 
for some bijection 6’ : S + T.) 
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A related reconstruction problem involves the character x of a matrix 
representation Q, of G-that is, the function g-+ tr v(g), g E G (see [2, p. 91). G is 
said to be character-reconstructible if, given the mean value of x over each 
subgroup of G, it is always possible to reconstruct x. 
The two main results of this paper are: that G is action-reconstructible if and 
only if it is cyclic, and that G is character-reconstructible if and only if, whenever 
the cyclic subgroups (g ), (h ) g enerated by g and h are conjugate in G, then so 
are g and h. These results arise from analysing the linear algebra of the conjugacy 
matrix of G, which is the matrix whose (ij) entry is the number of elements from 
the jth conjugacy class belonging to a typical subgroup from the ith subgroup 
conjugacy class. We show, in particular, that G is action reconstructible if and 
only if the rows of this matrix are linearly independent and character reconstruc- 
tible if and only if the columns are linearly independent. We also show that the 
rank of the matrix is equal to number of conjugacy classes of cyclic subgroups of 
G. The main results then follow straightforwardly. 
2. Notation 
Let G be a finite group. We denote by k(G) (or simply by k) the number of 
conjugacy classes of elements of G, and by c(G) (or simply by c) the number of 
conjugacy classes of subgroups of G. 
We assume that the conjugacy ChSSeS E,, Ed, . . . , Ek of elements of G are 
arranged in some definite order, as are the conjugacy classes or, a,, . . . , a, of 
subgroups. Then the conjugacy matrix C of G is the c X k matrix whose (ij) entry 
cij is the number of elements from Ej that belong to a typical subgroup from a,. 
Since the number of orbits of an action (Y on restriction to a subgroup H of G 
depends only on the conjugacy class of H, the information on orbit numbers 
referred to in Section 1 is conveniently presented as a c X 1 column matrix o(a), 
where wi(a) is the number of orbits of the action (Y on restriction to a typical 
subgroup in Ui (i = 1, . . . , c). 
Let Q, be a matrix representation of G. Then the mean value of x(q) over a 
subgroup H also depends only on conjugacy class, and so can also be represented 
by a vector O(Q)). The use of the same symbol is justified by the fact that by the 
Cauchy-Frobenius (or Burnside) lemma, if Q, is the permutation matrix repre- 
sentation corresponding to an action (Y, then w(a) = O(Q)). 
For each i = 1, . . . , c, we choose once and for all a particular subgroup in the 
conjugacy class ai, and denote it by Hi. We denote by yi the (equivalence class of 
the) transitive action of G formed by left multiplication on the left coset space 
[G: Hi]. That is to say, yi is the equivalence class of transitive G-actions whose 
point stabilizers are the groups of conjugacy class a,. If (Y is any action of G on a 
finite set, we denote by xi(~) the number of orbits whose point stabilizers are of 
conjugacy class a,, and by x(a) the c x 1 column matrix whose entries are these 
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numbers. Thus x(a) determines the equivalence class of cy. The total number 
of orbits, Eixi(a), is denoted by t(a). 
We now define four further matrices. We define the c x c matrix T = (t,) by: 
tij = t(rj 1 Hi). 
That is, we restrict the action Yj to a typical subgroup in ai and count the orbits. 
We define the k x c matrix D = (d,) as follows: d, is the number of points fixed 
by a typical element of si in the transitive G-action yj. Next, we denote by E the 
diagonal k x k matrix whose (i, i) entry is 1~~1. Finally, we denote by K the 
row-normalized form of C; that is, 
so that each row sum of K is equal to 1. 
3. The characterization of action reconstructible and character 
reconstructible groups 
Lemma 1. 
D = IGI E-‘KT. (1) 
Proof. ED is the matrix whose (ij) entry is the number of pairs (g, p) such that 
g E .si and p is a left Hj-coset of G such that gp =p. But this is also equal to 
[G : Hj]cji, since putting p = XHj, we have gp =p if and only if 
gX HjX -l = xH,x-‘, 
and thus for each left Hi-coset p there are cji elements g of Ei such that gp =p. 
Therefore ED = ICI KT, and the result follows. 0 
Lemma 2. 
T = ICI KE-‘KT. (2) 
Proof. By applying the Cauchy-Frobenius (or Burnside) lemma to the group 
action Yj 1 Hi, where Hi belongs to ai, we obtain the result 
tij = IHil-’ C c;,d,j = C k,d,j, 
m m 
that is, T = KD. Combining this with (1) yields (2). 0 
Theorem 1. (i) G is action reconstructible if and only if the rows of C are linearly 
independent-i. e., if and only if rank C = c. 
(ii) G is character reconstructible if and only if the columns of C are linearly 
independent-i. e., if and only if rank C = k. 
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Proof. We shall prove these statements for K; it then follows from elementary 
linear algebra that they hold for C. 
(i) Let (Y be any action of G on a finite set. It is clear from the definitions of 
X((Y), w(a) and T that TX(~) = o(a), so (from elementary linear algebra) w(a) 
uniquely determines x(a) if and only if the columns of T are linearly 
independent-that is, if and only if rank T = c. But, by (2), rank T = rank K. 
(ii) Let q be a matrix representation of G; then its character x(q) is a 
conjugacy class function (see [2, p. lo]). Let x be the k x 1 column matrix whose 
jth entry is the value of x(q) on Ed. Then for each i = 1, . . . , c, 
W(V 1 Hi) = IffjI-’ C Ct,X, = C k,Xj, 
I i 
or in matrix terms: 
and so o( 47) uniquely determines x if and only if and only if the columns of K are 
linearly independent. 0 
4. The cyclic conjugacy matrix 
Two elements of G are said to be cyclically conjugate if they generate conjugate 
cyclic subgroups of G. We denote by z the number of cyclic conjugacy classes of 
elements of G (which is equal to the number of conjugacy classes of cyclic 
subgroups of G). Each cyclic conjugacy class of elements of G is clearly a union 
of conjugacy classes of elements of G. 
Lemma 3. Let C be the conjugacy matrix of G, and let .Q,, eq be two conjugacy 
classes in the same cyclic conjugacy class. Then cjP = qq (i = 1, . . . , c). 
Proof. Let r be the common order of the elements of Ed and Ed. Let g E eP, 
h E eq; then (h) =x(g)x-’ f or some x E G, so that (h) = (xgx-I). Thus, 
(xgx-I)” = h where a is some integer relatively prime to r. The mapping x+xU 
(X E G) clearly maps the whole of &P bijectively to the whole of Ed; it also maps H 
to H where H is any subgroup of G. Thus IH fl &,,I = IH fl .z4 1, and the result 
follows. 0 
The c x z matrix Z obtained by taking one column from each cyclic conjugacy 
class is the cyclic conjugacy matrix. 
Theorem 2. Rank C = rank Z = z, and the rows of Z (and hence of C) 
corresponding to conjugacy classes of cyclic subgroups of G are linearly 
independent. 
Reconstructing jinite group actions 287 
Proof. Clearly rank C = rank 2. Now suppose that the columns of 2 are arranged 
in ascending order of the corresponding group element orders. Then each distinct 
column j of 2 corresponds to elements of G that generate cyclic groups in a 
distinct conjugacy class. The row corresponding to that subgroup conjugacy class 
will have 1 in position j and 0 in all positions to the right of this. These rows are 
thus linearly independent. As there are z of them, rank Z = z. 0 
The main results now follow immediately as corollaries of Theorems 1 and 2. 
Corollary 1. A finite group G is action reconstructible if and only if it is cyclic. 
Corollary 2. A finite group G is character reconstructible if and only if its 
conjugacy classes are identical with its cyclic conjugacy classes. 
Note. Corollaries 1 and 2 imply that the trivial group and Z2 are the only finite 
groups that are both action reconstructible and character reconstructible. 
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